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Abstract
New explicit conditions of exponential stability are obtained for the nonautonomous linear equation
x˙(t) +
m∑
k=1
ak(t)x
(
hk(t)
)= 0,
where
∑m
k=1 ak(t)  0, hk(t)  t , by comparing this equation with a nonoscillatory exponentially stable
equation of the form
x˙(t) +
∑
k∈I
ak(t)x
(
gk(t)
)= 0,
where I ⊂ {1, . . . ,m}, gk(t) t . Every comparison result gives 2m − 1 different stability conditions due to
the a priori choice of a subset I .
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In this paper we continue the study of stability properties for the linear differential equation
with several delays and an arbitrary number of positive and negative coefficients,
x˙(t) +
m∑
k=1
ak(t)x
(
hk(t)
)= 0, (1)
which was begun in [1,2]. Equation (1) and partial cases of this equation were intensively studied,
for example in papers [3–21]. In [2] we gave a review of some results obtained in these papers.
In [1,2] and in the present paper we apply a method based on Bohl–Perron type theorems [16,
24] and on comparison of Eq. (1) with equations, which have a positive fundamental function.
In [2] we compared (1) to the equation with a single delay
x˙(t) +
[
m∑
k=1
ak(t)
]
x
(
r(t)
)= 0.
In our first main result (Theorem 1) we also use such comparison equation; however, we apply a
different comparison scheme.
In Theorem 2 we use as a comparison equation the equation with one delay
x˙(t) +
[∑
k∈I
ak(t)
]
x
(
r(t)
)= 0,
or the equation with several delays
x˙(t) +
∑
k∈I
ak(t)x
(
gk(t)
)
,
where I ⊂ {1, . . . ,m}, as a comparison equation. Thus every comparison result gives 2m − 1
different stability conditions due to the a priori choice of a nonempty subset I .
This approach was used in [1], but only for r(t) ≡ t .
All results of the present paper are obtained under the assumption that coefficients and delays
are measurable and solutions are absolutely continuous functions.
The main results are illustrated by several examples for which, to the best of our knowledge,
all known stability conditions fail.
2. Preliminaries
In the present paper we consider the scalar linear equation with several delays (1) for t  t0
with the initial conditions (for any t0  0)
x(t) = ϕ(t), t < t0, x(t0) = x0, t0  0 (2)
under the following assumptions:
(a1) ak(t) are Lebesgue measurable essentially bounded on [0,∞) functions;
(a2) hk(t) are Lebesgue measurable functions,
hk(t) t, sup
t0
[
t − hk(t)
]
< ∞;
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We assume conditions (a1)–(a3) hold for all equations throughout the paper.
Definition. A locally absolutely continuous function x :R → R is called a solution of the prob-
lem (1), (2) if it satisfies Eq. (1) for almost all t ∈ [t0,∞) and the equalities (2) for t  t0.
Below we present a solution representation formula for nonhomogeneous Eq. (1) with
Lebesgue measurable right-hand side f (t):
x˙(t) +
m∑
k=1
ak(t)x
(
hk(t)
)= f (t). (3)
Definition. A solution X(t, s) of the problem
x˙(t) +
m∑
k=1
ak(t)x
(
hk(t)
)= 0, t  s  0,
x(t) = 0, t < s, x(s) = 1,
is called the fundamental function of (1).
Lemma 1. [22,23] Suppose conditions (a1)–(a3) hold. Then the solution of (3), (2) has the fol-
lowing form
x(t) = X(t, t0)x0 −
t∫
t0
X(t, s)
m∑
k=1
ak(s)ϕ
(
hk(s)
)
ds +
t∫
t0
X(t, s)f (s) ds, (4)
where ϕ(t) = 0, t  t0.
Definition. Equation (1) is (uniformly) exponentially stable, if there exist K > 0, λ > 0, such that
the fundamental function X(t, s) of (1) has the estimate∣∣X(t, s)∣∣Ke−λ(t−s), t  s  0. (5)
For the linear equation (1) this definition is equivalent to the uniform asymptotic stability [22].
Under our assumptions the exponential stability does not depend on values of the parameters of
the equation on any finite interval. Thus all our conditions should only be satisfied for sufficiently
large t .
Let us introduce some functional spaces on a halfline. Denote by C[t1,∞) the space of all con-
tinuous, bounded on [t1,∞) functions with the sup-norm, by C0[t1,∞) the subspace of C[t1,∞)
of the functions y(t) satisfying y(t1) = 0.
Together with Eq. (1) we consider an auxiliary equation
x˙(t) +
n∑
k=1
bk(t)x
(
gk(t)
)= 0, (6)
which will be referred below as a comparison equation for Eq. (1). Denote by X0(t, s) the funda-
mental function of Eq. (6) and consider for every t1  0 the following linear equations and linear
operators:
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m∑
k=1
ak(t)x
(
hk(t)
)= f (t), x(t) = 0, t  t1, (7)
(L0x)(t) := x˙(t) +
n∑
k=1
bk(t)x
(
gk(t)
)= f (t), x(t) = 0, t  t1, (8)
(L−1f )(t) :=
t∫
t1
X(t, s)f (s) ds,
(L−10 f )(t) :=
t∫
t1
X0(t, s)f (s) ds. (9)
Lemma 2. [16,24] Suppose comparison equation (6) is exponentially stable and there exists
t1  0 such that operator L−10 L acts in the space C0[t1,∞) and has a bounded inverse operator.
Then Eq. (1) is exponentially stable.
Remark 1. If∥∥I −L−10 L∥∥C[t1,∞)→C[t1,∞) < 1, (10)
where I is the identity operator, then the inverse operator L−10 L :C0[t1,∞) → C0[t1,∞) exists
and is bounded.
In [1] ordinary differential equations were applied as comparison equations (6). In [2] delay
differential equations with positive coefficients and a positive fundamental function were used
for comparison. This paper continues [2]. Below we present some results for Eq. (1) with several
delays.
Lemma 3. [25,26] Suppose for Eq. (1) ak(t) 0. If at least one of the following conditions hold:
t∫
mink{hk(t)}
m∑
i=1
ai(s) ds 
1
e
, t  t0, (11)
or there exists λ > 0, such that
λ
m∑
k=1
Ake
λσk , (12)
where
0 ak(t)Ak, t − hk(t) σk, t  t0,
then X(t, s) > 0, t  s  t0.
Lemma 4. [2] Suppose for Eq. (1)
ak(t) 0, X(t, s) > 0, t  s  t0; t − hk(t)H, t  t0, (13)
and
0 < γ1 = lim inf
t,s→∞
1
t − s
t∫
s
m∑
k=1
ak(τ ) dτ  lim sup
t,s→∞
1
t − s
t∫
s
m∑
k=1
ak(τ ) dτ = γ2 < ∞, (14)
then Eq. (1) is exponentially stable.
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0 < lim inf
t→∞
m∑
k=1
ak(t) lim sup
t→∞
m∑
k=1
ak(t) < ∞.
To obtain explicit stability conditions for general delay differential equations we will need the
following lemma.
Lemma 5. [2] Suppose for Eq. (1) conditions (13) hold. Then for t0, H defined in (13) and for
t  t0 + H
0
t∫
t0+H
X(t, s)
m∑
k=1
ak(s) ds  1. (15)
3. Main results
Theorem 1. Suppose for Eq. (1)
lim inf
t→∞
m∑
k=1
ak(t) > 0, (16)
and there exists h0(t) t , such that for sufficiently large t
t∫
h0(t)
m∑
k=1
ak(s) ds 
1
e
. (17)
If
lim sup
t→∞
m∑
k=1
∣∣∣∣∣
m∑
i=k
ai(t)
∣∣∣∣∣
∣∣∣∣∣
hk(t)∫
hk−1(t)
m∑
i=1
∣∣ai(s)∣∣ds
∣∣∣∣∣
/ m∑
k=1
ak(t) < 1,
then Eq. (1) is exponentially stable.
Proof. There exists t0  0 such that
m∑
k=1
ak(t) a > 0,
t∫
h0(t)
m∑
k=1
ak(s) ds 
1
e
, t  t0,
m∑
k=1
∣∣∣∣∣
m∑
i=k
ai(t)
∣∣∣∣∣
∣∣∣∣∣
hk(t)∫
hk−1(t)
m∑
i=1
∣∣ai(s)∣∣ds
∣∣∣∣∣
/ m∑
k=1
ak(t) α < 1, t  t0.
By (a2) we can assume without loss of generality t − hk(t)  H , t  t0, and rewrite Eq. (1) in
the following forms:
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m∑
k=1
ak(t)x
(
h0(t)
)+ m∑
k=1
ak(t)
h1(t)∫
h0(t)
x˙(s) ds
+
m∑
k=2
ak(t)
h2(t)∫
h1(t)
x˙(s) ds + · · · + am(t)
hm(t)∫
hm−1(t)
x˙(s) ds = 0,
x˙(t) +
m∑
k=1
ak(t)x
(
h0(t)
)− m∑
k=1
ak(t)
h1(t)∫
h0(t)
m∑
i=1
ai(s)x
(
hi(s)
)
ds
−
m∑
k=2
ak(t)
h2(t)∫
h1(t)
m∑
i=1
ai(s)x
(
hi(s)
)
ds − · · · − am(t)
hm(t)∫
hm−1(t)
m∑
i=1
ai(s)x
(
hi(s)
)
ds = 0.
Denote
(L0x)(t) := x˙(t) +
m∑
k=1
ak(t)x
(
h0(t)
)
,
(Lx)(t) := (L0x)(t) −
m∑
k=1
(
m∑
i=k
ai(t)
) hk(t)∫
hk−1(t)
m∑
i=1
ai(s)x
(
hi(s)
)
ds.
Lemmas 3, 4 imply that the equation (L0x)(t) = 0 is exponentially stable and has positive fun-
damental function X0(t, s) > 0, t  s  t0.
Denote t1 = t0 + H and apply Lemma 2.
By Lemma 5 for t  t1 we have∣∣(I −L−10 L)x(t)∣∣

t∫
t1
X0(t, s)
[
m∑
k=1
ak(s)
](
m∑
k=1
∣∣∣∣∣
m∑
i=k
ai(s)
∣∣∣∣∣
∣∣∣∣∣
hk(s)∫
hk−1(s)
[
m∑
i=1
∣∣ai(τ )∣∣
]
dτ
∣∣∣∣∣
/ m∑
k=1
ak(s)
)
ds‖x‖C[t1,∞)
 α‖x‖C[t1,∞).
Then ‖I − L−10 L‖  α < 1. By Lemma 2 Eq. (1) is exponentially stable, which completes the
proof. 
Remark 3. Condition (17) is satisfied if for sufficiently large t
t − 1
eA
 h0(t) t, where A := lim sup
t→∞
m∑
k=1
ak(t). (18)
Remark 4. In Theorem 1 and in every statement below, the assumption (16) can be replaced by
the left inequality in (14) which is more general.
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x˙(t) +
m∑
k=1
ak(t)x(t − τk) = 0. (19)
Corollary 1.1. Suppose for sufficiently large t
0 ak  ak(t)Ak,
m∑
k=1
ak > 0,
1
e
∑m
k=1 Ak
= τ0  τ1  · · · τm,
and
m∑
k=1
Akτk <
∑m
k=1 ak∑m
k=1 Ak
+ 1
e
.
Then Eq. (19) is exponentially stable.
Proof. Denote τ0 = 1e∑mk=1 Ak . Then (17) holds for h0(t) = t − τ0. We have
m∑
k=1
[
m∑
i=k
ai(t)
] t−τk−1∫
t−τk
[
m∑
i=1
ai(s)
]
ds
/ m∑
k=1
ak(t)

m∑
k=1
(
m∑
i=k
Ai
)
(τk − τk−1)
∑m
k=1 Ak∑m
k=1 ak
=
[
m∑
i=1
Ai
(
τ1 − 1
e
∑m
k=1 Ak
)
+
m∑
i=2
Ai(τ2 − τ1) + · · · + Am(τm − τm−1)
]∑m
k=1 Ak∑m
k=1 ak
=
(
m∑
i=1
Aiτi − 1
e
)∑m
k=1 Ak∑m
k=1 ak
< 1. 
Next, consider the autonomous equation with several delays
x˙(t) +
m∑
k=1
akx(t − τk) = 0. (20)
Corollary 1.2. Suppose
∑m
k=1 ak > 0,
m∑
k=1
∣∣∣∣∣
m∑
i=k
ai
∣∣∣∣∣|τk − τk−1| <
∑m
k=1 ak∑m
k=1 |ak|
,
where τ0 = 1e∑mk=1 ak . Then Eq. (20) is exponentially stable.
Consider Eq. (1) with two delays
x˙(t) + a(t)x(h(t))+ b(t)x(g(t))= 0. (21)
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lim inf
t→∞
(
a(t) + b(t))> 0, (22)
and there exists r(t) t such that for sufficiently large t
t∫
r(t)
(
a(s) + b(s))ds  1
e
. (23)
If at least one of the following conditions holds
(a) lim sup
t→∞
∣∣∣∣∣
h(t)∫
r(t)
(∣∣a(s)∣∣+ ∣∣b(s)∣∣)ds
∣∣∣∣∣+ |b(t)|a(t) + b(t)
∣∣∣∣∣
g(t)∫
h(t)
(∣∣a(s)∣∣+ ∣∣b(s)∣∣)ds
∣∣∣∣∣< 1,
(b) lim sup
t→∞
∣∣∣∣∣
g(t)∫
r(t)
(∣∣a(s)∣∣+ ∣∣b(s)∣∣)ds
∣∣∣∣∣+ |a(t)|a(t) + b(t)
∣∣∣∣∣
g(t)∫
h(t)
(∣∣a(s)∣∣+ ∣∣b(s)∣∣)ds
∣∣∣∣∣< 1,
then Eq. (21) is exponentially stable.
Choosing r(t) = h(t) or r(t) = g(t), we obtain
Corollary 1.4. Suppose (22) and at least one of the following conditions hold:
(a)
t∫
h(t)
(
a(s) + b(s))ds  1
e
, lim sup
t→∞
|b(t)|
a(t) + b(t)
∣∣∣∣∣
g(t)∫
h(t)
(∣∣a(s)∣∣+ ∣∣b(s)∣∣)ds
∣∣∣∣∣< 1,
(b)
t∫
g(t)
(
a(s) + b(s))ds  1
e
, lim sup
t→∞
|a(t)|
a(t) + b(t)
∣∣∣∣∣
g(t)∫
h(t)
(∣∣a(s)∣∣+ ∣∣b(s)∣∣)ds
∣∣∣∣∣< 1.
Then Eq. (21) is exponentially stable.
Consider now Eq. (21) with a nondelay term
x˙(t) + a(t)x(t) + b(t)x(g(t))= 0. (24)
Corollary 1.5. Suppose (22) holds and
lim sup
t→∞
|b(t)|
a(t) + b(t)
∣∣∣∣∣
t∫
g(t)
(∣∣a(s)∣∣+ ∣∣b(s)∣∣)ds
∣∣∣∣∣< 1.
Then Eq. (24) is exponentially stable.
Consider an autonomous equation with two delays
x˙(t) + ax(t − τ) + bx(t − σ) = 0. (25)
Assuming r(t) = t − 1/(e(a + b)) in Corollary 1.3 and applying Corollary 1.4, we obtain (1),
(2) and (3), (4) in Corollary 1.6, respectively.
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(1) |τ − 1
e(a+b) | + |b(σ−τ)|a+b < 1|a|+|b| ,
(2) |σ − 1
e(a+b) | + |a(σ−τ)|a+b < 1|a|+|b| ,
(3) (a + b)τ  1
e
,
|b(σ−τ)|
a+b <
1
|a|+|b| ,
(4) (a + b)σ  1
e
,
|a(σ−τ)|
a+b <
1
|a|+|b| .
Then Eq. (25) is exponentially stable.
We proceed now to our second main result.
Theorem 2. Suppose there exists a set of indices I ⊂ {1,2, . . . ,m} such that
lim inf
t→∞
∑
k∈I
ak(t) > 0, (26)
and at least one of the following conditions holds:
(a) ak(t)  0, k ∈ I , there exist gk(t)  t , k ∈ I , such that the fundamental function of the
equation
x˙(t) +
∑
k∈I
ak(t)x
(
gk(t)
)= 0 (27)
is eventually positive, and
lim sup
t→∞
(∑
k∈I
ak(t)
∣∣∣∣∣
gk(t)∫
hk(t)
m∑
i=1
∣∣ai(s)∣∣ds
∣∣∣∣∣+
∑
k /∈I
∣∣ak(t)∣∣
) /∑
k∈I
ak(t) < 1. (28)
(b) There exists r(t) t , such that for sufficiently large t
t∫
r(t)
∑
k∈I
ak(s) ds 
1
e
, (29)
and
lim sup
t→∞
(∑
k∈I
∣∣ak(t)∣∣
∣∣∣∣∣
r(t)∫
hk(t)
m∑
i=1
∣∣ai(s)∣∣ds
∣∣∣∣∣+
∑
k /∈I
∣∣ak(t)∣∣
) /∑
k∈I
ak(t) < 1. (30)
Then Eq. (1) is exponentially stable.
Proof. (a) Rewrite Eq. (1) in the form
x˙(t) +
∑
k∈I
ak(t)x
(
gk(t)
)=∑
k∈I
ak(t)
gk(t)∫
x˙(s) ds −
∑
k /∈I
ak(t)x
(
hk(t)
)
.hk(t)
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x˙(t) +
∑
k∈I
ak(t)x
(
gk(t)
)= −∑
k∈I
ak(t)
gk(t)∫
hk(t)
m∑
i=1
ai(s)x
(
hi(s)
)
ds −
∑
k /∈I
ak(t)x
(
hk(t)
)
.
If we consider the following linear operators
(L0x)(t) := x˙(t) +
∑
k∈I
ak(t)x
(
gk(t)
)
,
(Lx)(t) := (L0x)(t) +
∑
k∈I
ak(t)
gk(t)∫
hk(t)
m∑
i=1
ai(s)x
(
hi(s)
)
ds +
∑
k /∈I
ak(t)x
(
hk(t)
)
,
then the end of the proof is similar to the proof of Theorem 1.
(b) is proved similarly after Eq. (1) is rewritten in the form
x˙(t) +
∑
k∈I
ak(t)x
(
r(t)
)= −∑
k∈I
ak(t)
r(t)∫
hk(t)
x˙(s) ds −
∑
k /∈I
ak(t)x
(
hk(t)
)
. 
Remark 5. Equation (27) has an eventually positive fundamental function if at least one of the
following conditions holds:
(1) for sufficiently large t
t∫
mink∈I {gk(t)}
(∑
k∈I
ak(s)
)
ds  1
e
,
(2) 0  ak(t)  Ak , t − gk(t)  σk , k ∈ I , and the algebraic equation λ =∑k∈I Akeλσk has a
positive solution.
Remark 6. Theorem 2 involves 2m − 1 different stability conditions due to the choice of I in
addition to the possibility to choose arbitrary gk(t), r(t).
For r(t) ≡ t this theorem was obtained in [1].
Assuming I = {j} in Theorem 2, we get the following corollary.
Corollary 2.1. Suppose for Eq. (1) there exist an index j and function r(t) t such that
lim inf
t→∞ aj (t) > 0, lim supt→∞
t∫
r(t)
aj (s) ds 
1
e
,
lim sup
t→∞
(∣∣∣∣∣
r(t)∫
hj (t)
m∑
k=1
∣∣ak(s)∣∣ds
∣∣∣∣∣+
∑
k 	=j |ak(t)|
aj (t)
)
< 1.
Then Eq. (1) is exponentially stable.
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Corollary 2.2. Suppose at least one of the following conditions is satisfied:
(a) ak(t) 0, k = 1, . . . ,m, (16) holds, there exists gk(t) t , k = 1, . . . ,m, such that the fun-
damental function of the equation
x˙(t) +
m∑
k=1
ak(t)x
(
gk(t)
)= 0 (31)
is eventually positive, and
lim sup
t→∞
m∑
k=1
ak(t)∑m
i=1 ai(t)
∣∣∣∣∣
gk(t)∫
hk(t)
m∑
i=1
ai(s) ds
∣∣∣∣∣< 1. (32)
(b) Condition (16) holds, there exists r(t) t , such that for sufficiently large t
t∫
r(t)
m∑
k=1
ak(s) ds 
1
e
, (33)
and
lim sup
t→∞
m∑
k=1
|ak(t)|∑m
i=1 ai(t)
∣∣∣∣∣
r(t)∫
hk(t)
m∑
i=1
∣∣ai(s)∣∣ds
∣∣∣∣∣< 1. (34)
Then Eq. (1) is exponentially stable.
For the equation with constant coefficients we obtain
Corollary 2.3. Suppose ak(t) ≡ ak , ∑mk=1 ak > 0,
lim inf
t→∞ mink
[
t − hk(t)
]
 1
e
∑m
k=1 ak
,
lim sup
t→∞
m∑
k=1
|ak|
[
t − hk(t)
]
<
∑m
k=1 ak∑m
k=1 |ak|
+
∑m
k=1 |ak|
e
∑m
k=1 ak
.
Then Eq. (1) is exponentially stable.
Proof. If we take r(t) = t − 1
e
∑m
k=1 ak
then the inequality (33) is satisfied for t sufficiently large.
There exists t0  0 and 0 < α < 1 such that
t − hk(t) 1
e
∑m
k=1 ak
, t  t0, k = 1, . . . ,m, (35)
m∑
|ak|
[
t − hk(t)
]
<
α
∑m
k=1 ak∑m
k=1 |ak|
+
∑m
k=1 |ak|
e
∑m
k=1 ak
, t  t0. (36)k=1
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m∑
k=1
|ak|∑m
i=1 ai
∣∣∣∣∣
t− 1
e
∑m
k=1 ak∫
hk(t)
m∑
i=1
|ai |ds
∣∣∣∣∣ α < 1, t  t0,
which is equivalent to
m∑
k=1
|ak|
∣∣∣∣t − hk(t) − 1e∑mk=1 ak
∣∣∣∣ α
∑m
k=1 ak∑m
k=1 |ak|
.
The latter inequality is a corollary of (35) and (36). 
Assuming gk(t) = hk(t), k ∈ I , in Theorem 2(a), we obtain
Corollary 2.4. Suppose there exists a set of indices I ⊂ {1,2, . . . ,m}, such that ak(t) 0, k ∈ I ,
(26) holds, and the fundamental function of the equation
x˙(t) +
∑
k∈I
ak(t)x
(
hk(t)
)= 0 (37)
is eventually positive. If
lim sup
t→∞
∑
k /∈I |ak(t)|∑
k∈I ak(t)
< 1,
then Eq. (1) is exponentially stable.
Now let us obtain several stability conditions for the autonomous equation (20), in addition to
Corollary 1.2, which also contains such conditions.
Corollary 2.5. Suppose there exists a set of indices I ⊂ {1,2, . . . ,m}, such that at least one of
the following conditions holds:
(1) ak > 0, k ∈ I , there exist σk > 0, k ∈ I , such that the equation λ = ∑k∈I akeλσk has a
positive solution and(
m∑
i=1
|ai |
)∑
k∈I
ak|σk − τk| <
∑
k∈I
ak −
∑
k /∈I
|ak|.
(2) ∑k∈I ak > 0, there exists σ0 > 0 such that σ0  1e∑k∈I ak , and(
m∑
i=1
|ai |
)∑
k∈I
|ak||σ0 − τk| <
∑
k∈I
ak −
∑
k /∈I
|ak|. (38)
Then Eq. (20) is exponentially stable.
Corollary 2.2 implies
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(1) ak > 0, k = 1, . . . ,m, there exist σk > 0, k = 1, . . . ,m, such that the equation λ =∑m
k=1 akeλσk has a positive solution and
m∑
k=1
ak|σk − τk| < 1.
(2) ∑mk=1 ak > 0, there exists σ0 > 0 such that σ0  1e∑mk=1 ak ,
m∑
k=1
|ak||σ0 − τk| <
∑m
k=1 ak∑m
k=1 |ak|
.
Then Eq. (20) is exponentially stable.
Corollary 2.4 implies
Corollary 2.7. Suppose there exists a set of indices I ⊂ {1,2, . . . ,m}, such that ak > 0, k ∈ I ,
the equation λ =∑k∈I akeλτk has a positive solution and ∑k /∈I |ak| <∑k∈I ak . Then Eq. (20)
is exponentially stable.
Consider now Eq. (21) with two delays. Theorem 2(b) for I = {1}, {2}, {1,2} and Theo-
rem 2(a) for I = {1,2} imply
Corollary 2.8. Suppose at least one of the following conditions holds:
(1) lim inft→∞ a(t) > 0, there exists r(t) t such that for sufficiently large t
t∫
r(t)
a(s) ds  1
e
,
lim sup
t→∞
(∣∣∣∣∣
h(t)∫
r(t)
(
a(s) + ∣∣b(s)∣∣)ds
∣∣∣∣∣+ |b(t)|a(t)
)
< 1, (39)
(2) lim inft→∞ b(t) > 0, there exists r(t) t such that for sufficiently large t
t∫
r(t)
b(s) ds  1
e
,
lim sup
t→∞
(∣∣∣∣∣
g(t)∫
r(t)
(∣∣a(s)∣∣+ b(s))ds
∣∣∣∣∣+ |a(t)|b(t)
)
< 1, (40)
(3) lim inft→∞(a(t) + b(t)) > 0, there exists r(t) t such that for sufficiently large t
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r(t)
(
a(s) + b(s))ds  1
e
,
lim sup
t→∞
(
|a(t)|
a(t) + b(t)
∣∣∣∣∣
h(t)∫
r(t)
(∣∣a(s)∣∣+ ∣∣b(s)∣∣)ds
∣∣∣∣∣
+ |b(t)|
a(t) + b(t)
∣∣∣∣∣
g(t)∫
r(t)
(∣∣a(s)∣∣+ ∣∣b(s)∣∣)ds
∣∣∣∣∣
)
< 1, (41)
(4) a(t)  0, b(t) 0, lim inft→∞(a(t) + b(t)) > 0, there exist h0(t)  t , g0(t)  t , such that
for sufficiently large t
t∫
min{h0(t),g0(t)}
(
a(s) + b(s))ds  1
e
,
lim sup
t→∞
(
a(t)
a(t) + b(t)
∣∣∣∣∣
h(t)∫
h0(t)
(
a(s) + b(s))ds
∣∣∣∣∣
+ b(t)
a(t) + b(t)
∣∣∣∣∣
g(t)∫
g0(t)
(
a(s) + b(s))ds
∣∣∣∣∣
)
< 1. (42)
Then (21) is exponentially stable.
Consider now the autonomous equation with two delays.
Corollary 2.9. Suppose at least one of the following conditions holds:
(1) aτ  1
e
, |b| < a,
(2) bσ  1
e
, |a| < b,
(3) a + b > 0, 1
e(a+b) min{τ, σ }, |a|τ + |b|σ < a+b|a|+|b| + |a|+|b|e(a+b) ,
(4) 1
e
 aτ  a−|b||a|+|b| + 1e ,
(5) 1
e
 bσ  b−|a||a|+|b| + 1e .
Then (25) is exponentially stable.
Proof. Corollary 2.4 implies (1) and (2) if we set I = {1} and I = {2}, respectively. Corollary 2.3
yields (3).
To prove (4) we set in Corollary 2.5 I = {1}, σ0 = 1ea . Then τ  σ0 and inequality (38) has
the form
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ea
)
< a − |b|,
which is equivalent to the right-hand side of (4).
(5) is proven similarly. 
Consider Eq. (24) with a nondelay term.
Corollary 2.10. Suppose a(t) 0, b(t) 0, lim inft→∞(a(t) + b(t)) > 0, there exists r(t) t ,
such that for sufficiently large t
t∫
r(t)
b(s) exp
{ s∫
r(s)
a(τ ) dτ
}
ds  1
e
(43)
and
lim sup
t→∞
b(t)
a(t) + b(t)
∣∣∣∣∣
g(t)∫
r(t)
(
a(s) + b(s))ds
∣∣∣∣∣< 1.
Then (24) is exponentially stable.
Proof. Consider the equation
x˙(t) + a(t)x(t) + b(t)x(r(t))= 0. (44)
After the substitution x(t) = y(t) exp{− ∫ t0 a(s) ds} Eq. (44) has the form
y˙(t) + exp
{ t∫
r(t)
a(s) ds
}
b(t)y
(
r(t)
)= 0.
Inequality (43) and Lemma 3 imply that this equation has a positive fundamental function. Hence
the fundamental function of (44) is also positive. By Lemma 4 Eq. (44) is exponentially stable.
Then Corollary 2.2 implies this corollary if we put g1(t) ≡ t , g2(t) ≡ r(t). 
4. Discussion and examples
In our paper [2] we gave a review of known stability tests for the linear equation (1) and
compared them with our results.
First let us compare the results of the present paper with our papers [1] and [2]. In all these
three papers we apply the same method based on Bohl–Perron type theorems and comparison
with known exponentially stable equations.
Let us proceed to the main results (Theorems 1 and 2). Theorem 1 employs a new idea of
considering differences of any two adjacent delays. So this theorem is very efficient for equations
with small differences of its delays.
Example 1. Consider an autonomous equation
x˙(t) + 2x(t − 0.3) − x(t − τ) + x(t − τ − 0.2) = 0, (45)
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2
∣∣∣∣0.3 − 12e
∣∣∣∣+ ∣∣τ − (τ + 0.2)∣∣= 0.6 − 1e + 0.2 < 24 .
Hence Eq. (45) is exponentially stable.
It is interesting to note that equations with three delays and positive and negative coefficients
have not been considered before. Let us also remark that the equation with two positive delay
terms
x˙(t) + 2x(t − 0.3) + x(t − τ − 0.2) = 0
is unstable for τ big enough. So Eq. (45) is stabilized by a positive feedback (the middle term).
For the second application of Theorem 1 consider an equation with positive coefficients.
Example 2. Consider the equation
x˙(t) + (sin2 t + 0.01)(ax(t) + 2x(t − 0.5))= 0. (46)
Let us demonstrate that Eq. (46) is exponentially stable for any a  0. It is not difficult to prove
that it is true for a > 2. In particular, it follows from Corollary 2.4.
Consider the case 0  a  2 and fix such a. Now we will check that conditions of Corol-
lary 1.5 hold for this equation.
By applying the inequality (see [2])
b∫
a
sin2 s ds  0.5
(|b − a| + sin|b − a|) (47)
we have
2
t∫
t−0.5
(
sin2 s + 0.01)ds < 0.5 + sin 0.5 + 0.01 < 1.
Corollary 1.5 implies that (46) is exponentially stable.
To the best of our knowledge, known results, in particular obtained in [5] and [6], fail for this
equation.
Now consider Theorem 2. This theorem gives 2m − 1 different stability conditions for an
equation with m delays and extends Theorem 1 in [1], where ordinary differential equations
were considered as a set of comparison equations.
Another interesting consequence of this theorem is the possibility to obtain stability condi-
tions, where arbitrarily chosen set of delays will not appear. In particular, there is no A, such that
the inequality aτ + bσ A implies instability of Eq. (25). For example, by Corollary 2.9(1) the
equation
x˙(t) + x
(
t − 1
e
)
+ 0.9x(t − 10) = 0
is exponentially stable. For this equation we have
aτ + bσ = 1
e
+ 9 > π
2
,
which can be compared to Proposition 1.2.9 in [27] and to [28].
Note that Theorem 2 can also be applied to equations with positive and negative coefficients.
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former is stable, the latter is unstable. We use the logarithmic scale for x(t).
Example 3. Consider the equation
x˙(t) + (sin2 t + 0.01)[4x(t − 0.48) − 3.2x(t − 0.46)]= 0. (48)
For this equation we apply Corollary 2.2(b). Choose r(t) = t − 0.46. It is easy to check that
conditions (33) and (34) hold. Really (see (47)),
0.8
t∫
t−0.46
(
sin2 s + 0.01)ds < 0.8
2
(0.46 + sin 0.46) + 0.8 · 0.46 · 0.01 ≈ 0.3653 < 1
e
,
4
0.8
t−0.48∫
t−0.46
7.2
(
sin2 s + 0.01)ds  4
0.8
· 7.2 · 0.02 · 1.01 = 0.7272 < 1.
Then Eq. (48) is exponentially stable.
Let us notice that the unstable equation (see Fig. 1)
x˙(t) + 4(sin2 t + 0.01)x(t − 0.48) = 0 (49)
was stabilized by the positive feedback.
Example 4. Compare Corollaries 1.6 and 2.9 for the autonomous equation (25). Let a = 2,
b = −1.
If τ = 12e + 112 , σ = 5, then (25) is stable by Corollary 2.9(4), but none of the conditions of
Corollary 1.6 can be applied.
If τ = 1
e
− 0.01, σ = 1
e
− 0.02, then∣∣∣∣τ − 1e
∣∣∣∣+ |σ − τ | = 0.01 + 0.01 < 13 ,
so (25) is stable by Corollary 1.6(1), while Corollary 2.9 is not applicable.
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Open Problem. Find stability conditions for the equation
x˙(t) + (a + sin t)x(t − τ) = 0, 0 < a < 1,
or, more generally, for Eq. (1), where ∑mk=1 ak(t) is an oscillating function.
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